Abstract. Let w be a multilinear commutator word, that is, a commutator of weight n in n different group variables. It is proved that if G is a profinite group in which all pronilpotent subgroups generated by w-values are periodic, then the verbal subgroup w(G) is locally finite.
Introduction
By a multilinear commutator word we mean a commutator of some weight n in n different group variables. Such words (also known as outer commutator words) are obtained by nesting commutators, but using always different variables. The purpose of the present paper is to prove the following theorem.
Theorem 1.1. Let w be a multilinear commutator word. Let G be a profinite group in which all pronilpotent subgroups generated by w-values are periodic. Then the verbal subgroup w(G) is locally finite. Theorem 1.1 can be regarded as a generalization of the theorem on local finiteness of periodic profinite groups, which corresponds to the case of w = x 1 being a group variable. That theorem was proved in Zelmanov's paper [27] on pro-p groups, while the reduction to pro-p groups was obtained by Wilson [25] (using the classification of finite simple groups). The proof of Theorem 1.1 also uses the classification and Zelmanov's theorem. If the hypothesis on all pronilpotent subgroups generated by w-values being periodic is replaced by being locally finite, then the proof of Theorem 1.1 becomes independent of Zelmanov's theorem; in this sense it is a generalization of Wilson's theorem.
The case of Theorem 1.1 where w = [x, y] was earlier proved in [6] . Theorem 1.1 is related to the conjecture that if, for some group word w, all w-values in a profinite group G have finite order, then the verbal subgroup w(G) must be locally finite (cf. special cases stated in [21] and similar problems 15.104 and 17.126 in Kourovka Notebook [18] ). This conjecture is a natural generalization of the aforementioned Zelmanov's theorem on local finiteness of periodic profinite groups. Note that in this conjecture the orders of w-values are not assumed to be bounded. Also in Theorem 1.1 the exponents of pronilpotent subgroups generated by w-values are not assumed to be bounded, just like in the theorems of Wilson and Zelmanov periodic profinite groups are not assumed to be of bounded exponents. There is, however, a well-known conjecture that a periodic profinite group must in fact have bounded exponent.
There is a similar conjecture for finite groups, which of course must involve bounds for the exponent: if a finite group G satisfies a law w e = 1 for some group word w, then the exponent of the verbal subgroup w(G) must be bounded in terms of w and e only. In relation to this problem it was proved in [22] that if, for a multilinear commutator w, all nilpotent subgroups in a finite group G satisfy the law w e = 1, then the exponent of the verbal subgroup w(G) is bounded in terms of w and e only. A similar result was also proved in [5] for the case of w being an Engel word and for some other cases.
The proof of Theorem 1.1 relies on several reductions, some of which are firstly performed for finite groups. In order to state the corresponding results we introduce some notation. As in [16] we introduce the non-p-soluble length λ p (G) of a finite group G as the minimum number of non-p-soluble factors in a normal series each of whose factors either is p-soluble or is a direct product of non-abelian simple groups of order divisible by p. For p = 2 we naturally use the term nonsoluble length and denote it by λ(G) = λ 2 (G). Bounding the non-p-soluble length is an important tool in reductions to (pro-)p-soluble groups, for example, implicitly in the Hall-Higman paper [11] , or in the aforementioned Wilson's paper [25] . In this paper we obtain bounds for non-p-soluble length using, in particular, our recent results in [16] .
Throughout the paper, w is a multilinear commutator word of weight n. For a (profinite) group G we denote by G w the set of all values of w on elements of G. Clearly, G w is a normal subset of G; it is easy to see that G w is also closed under taking inverses. We denote by w(G) = G w the corresponding (closed) verbal subgroup. If P is a subgroup of a (profinite) group G, we denote by W G (P ) the (closed) subgroup of P generated by all elements of P that are conjugate in G to w-values on elements of P , that is, W G (P ) = P G w ∩ P . When it causes no confusion, we will write W (P ) in place of W G (P ). Theorem 1.2. Let H be a normal subgroup of a finite group G, and let P be a Sylow p-subgroup of H. Suppose that for some t ∈ G the coset tW G (P ) is of exponent dividing p a . Then the non-p-soluble length of H is bounded in terms of a and n only.
We also need bounds for the p-length of p-soluble subgroups. Theorem 1.3. Let H be a normal p-soluble subgroup of a finite group G, and let P be a Sylow p-subgroup of H. Suppose that for some t ∈ G the coset tW G (P ) is of exponent dividing p a . Then the p-length of H is bounded in terms of a and n.
The special cases of Theorems 1.2 and 1.3 for w = x 1 , when W G (P ) = P , were proved in [25] for p = 2; in particular, Theorems 1.2 and 1.3 extend the results of Theorems 2* and 3* in [25] to the case of p = 2.
Apart from applications in the present paper, Theorem 1.3 has a corollary giving an affirmative answer to a special case of Wilson's problem 9.68 in Kourovka Notebook [18] for a (finite exponent)-by-nilpotent variety. Corollary 1.4. Let V be a group variety that is a product of a variety of finite exponent and a nilpotent variety. Then the p-length of finite p-soluble groups whose Sylow p-subgroups belong to V is bounded. In other words, if a Sylow p-subgroup P of a finite p-soluble group G is such that (γ c+1 (P )) p a = 1, then the p-length of G is bounded in terms of c and a only.
A result similar to Corollary 1.4 is also true for a nilpotent-by-(finite exponent) variety -this case has been known in folklore as a consequence of the Hall-Higman theorems.
We call pro-(finite soluble) groups, that is, inverse limits of finite soluble groups, simply prosoluble groups for short; pro-p-soluble groups are defined similarly. For a profinite group G we denote by π(G) the set of prime divisors of the orders of elements of G (understood as supernatural, or Steinitz, numbers). If a profinite group G has π(G) = π, then we say that G is a pro-π group. Recall that Sylow theorems hold for p-Sylow subgroups of a profinite group (see, for example, [26, Ch. 2] ). When dealing with profinite groups we consider only continuous homomorphisms and quotients by closed normal subgroups. Theorem 1.2 has the following consequence for profinite groups.
Theorem 1.5. Let G be a profinite group, and P a p-Sylow subgroup of G. Suppose that W G (P ) is locally finite. Then G has a finite series of closed characteristic subgroups in which each factor either is pro-p-soluble or is isomorphic to a Cartesian product of non-abelian finite simple groups of order divisible by p.
In view of Zelmanov's theorem [27] we could write that W G (P ) is periodic instead of locally finite; this remarks applies throughout the paper. Theorem 1.3 has the following consequence for profinite groups. Theorem 1.6. Let p be a prime and let G be a pro-p-soluble group. Suppose that W G (P ) is locally finite for a p-Sylow subgroup P of G. Then G has a finite series of closed characteristic subgroups in which each factor is either a pro-p group or a pro-p ′ group.
If G is a finite soluble group, let h(G) denote the Fitting height of G. Recall that this is the length of a shortest normal (or characteristic) series of G all of whose factors are nilpotent. For a prosoluble group G we define an analogue of Fitting height denoted by ph(G) as the length of a shortest series of (closed) characteristic subgroups all of whose factors are pronilpotent; if G has no finite series of this kind, then we write ph(G) = ∞. Of course, ph(G) < ∞ if and only if G is an inverse limit of finite soluble groups of bounded Fitting height. Corollary 1.7. Let G be a prosoluble group such that π(G) is finite. Suppose that W G (P ) is locally finite for any p-Sylow subgroup of G, for any p ∈ π(G). Then ph(G) is finite.
Bounding non-p-soluble length of finite groups
Our purpose in this section is to prove Theorem 1.2. We begin with quoting a special case of our recent result on non-p-soluble length in [16] . The definitions of non-p-soluble length λ p (G) and nonsoluble length λ(G) = λ 2 (G) of a finite group G were given in the Introduction.
Lemma 2.1 (see [16, Theorem 1.4] ). Suppose that a Sylow p-subgroup of a finite group G is soluble of derived length d. Then the non-p-soluble length λ p (G) is bounded in terms of d.
(In fact, Theorem 1.4 in [16] gives a bound for λ p (G) for finite groups G whose Sylow p-subgroups belong to any given variety that is a product of soluble varieties and varieties of finite exponent, but we need only this special case here.)
By an almost simple group we mean a finite group with a unique minimal normal subgroup that is a non-abelian simple group. By Schreier's conjecture confirmed by the classification, the quotient by that minimal normal subgroup is soluble. The following lemma is well known.
Lemma 2.2. Suppose that a finite group G has no nontrivial soluble normal subgroups. Let M be the product of all minimal normal subgroups, and let M = S 1 × · · · × S m , where the S i are non-abelian simple groups. Then the kernel K = N G (S i ) of the permutational action of G on the set {S 1 , . . . , S m } embeds in a direct product of almost simple groups.
Proof. Clearly, K/C K (S i ) is an almost simple group for every i. We have C K (S i ) = 1 because G has no nontrivial soluble normal subgroups. The result follows, since K/ C K (S i ) embeds in the direct product of the groups K/C K (S i ).
We now list three elementary lemmas that are used throughout the paper.
Proof. (a) This obviously follows from the definition, as the generating set for W G1 (P 1 ) is contained in that for W G (P ).
(b) Let the bar denote images inḠ = G/N . The inclusion WḠ(P ) W G (P ) is obvious. An arbitrary generating element of WḠ(P ) has the form w(ā 1 , . . . )ḡ ∈P forā i ∈P andḡ ∈Ḡ. Taking arbitrary pre-images a i ∈ P and g ∈ G, we obtain a pre-image w(a 1 , . . . ) g ∈ P N . Since P is a p-Sylow subgroup of P N , there is h ∈ N such that x = w(a 1 , . . . ) gh ∈ P , which means that x ∈ W G (P ) and obviouslȳ This lemma was proved in [1] for the case M = 1, to which the proof immediately reduces by considering G/M .
Recall that δ 1 = [x 1 , x 2 ] and by induction Lemma 2.5. Let G be a group and let w be a multilinear commutator word of weight n. Then every δ n -value is a w-value.
We now embark on proving Theorem 1.2, beginning with the following key proposition. Proposition 2.6. Let w be a multilinear commutator. Let P be a Sylow p-subgroup of a finite group G and suppose that G contains an element t such that the coset tW (P ) is of exponent p e = 1. Assume further that G has no nontrivial normal p-soluble subgroups. Then G possesses two normal subgroups K 1 and K 2 such that their intersection K = K 1 ∩ K 2 embeds in a direct product of almost simple groups, the image of tW (P ) in G/K 1 is of exponent dividing p e−1 , and W (P ) K 2 . In particular, if e = 1, then tW (P ) K 1 and therefore also W (P ) K.
Proof. Let V be a minimal normal subgroup of G. Clearly, V = S 1 × S 2 × · · · × S r , where S 1 , S 2 , . . . , S r are isomorphic simple groups of order divisible by p. Then P i = P ∩ S i is a Sylow p-subgroup of S i for i = 1, . . . , r. Acting on V by conjugation the group G permutes the simple factors, so we obtain a representation of G by permutations of the set {S 1 , S 2 , . . . , S r }. Let K V be the kernel of this representation.
Suppose that W (P ) K V ; we claim that then the image of tW (P ) in G/K V is of exponent dividing p e−1 . If this is false, then there exists u ∈ tW (P ) which has an orbit of length p e in the set {S 1 , S 2 , . . . , S r }. Without loss of generality we assume that this orbit is {S 1 , S 2 , . . . , S p e }.
Since W (P ) K V , there is a conjugate g of an element of P w such that g ∈ K V . Since K V is a normal subgroup, we can assume that in fact g ∈ P w and g ∈ K V . Choose j such that S j = S −1 b g , where b ∈ S j and b g ∈ S g j = S j , we deduce that b can be written as a product of the S j -projections of elements of P w ∩V . Since b was an arbitrary element of P j , we conclude that P j is generated by the S j -projection of P w ∩ V . Since G permutes S 1 , S 2 , . . . , S r transitively, there is an element q ∈ G such that P 1 = P q j , so that P 1 is generated by the S 1 -projection of P q w ∩ V . Furthermore, for each k = 2, . . . , r, using if necessary conjugations by l k ∈ S k and replacing P q w by P ql k w we can make sure that the S k -projection of P ql k w is contained in P k (keeping the S 1 -projection the same). Thus, after changing notation, we obtain that P 1 is generated by the S 1 -projection of P q w ∩ V for some q ∈ G such that P q w ∩ V ⊆ P . The latter also means that P q w ∩ V ⊆ W (P ). Set N 1 = N S1 (P 1 ). The well-known Burnside theorem on normal p-complements [9, Theorem 7.4.3] shows that P 1 is not contained in the center Z(N 1 ). Since P 1 is generated by the S 1 -projection of P q w ∩ V , we can choose x ∈ P q w ∩ V ⊆ W (P ) and an element h ∈ N 1 such that x h = x. Now write x = x 1 · · · x r , where
Since ux ∈ tW (P ), we have (ux) p e = 1, in particular, the S 1 -projection of (ux) p e is trivial. A direct calculation shows that the S 1 -projection of (ux) p e equals the product
Since the element x h belongs to P qh w ∩ V and to P , we have x h ∈ W (P ). Therefore we can apply the same argument to the element x h in place of x, by which also
Hence we deduce that x h 1 = x 1 . This is a contradiction with the choice of h such that x h = x. Thus, indeed, the image of tW (P ) in G/K V is of exponent dividing p e−1 whenever W (P ) K V . It remains to set K 1 = K V , where the intersection is taken over all minimal normal subgroups V of G such that W (P ) K V , and
Proof of Theorem 1.2. Recall that w is a multilinear commutator of weight n, G is a finite group, H a normal subgroup of G, P a Sylow p-subgroup of H, and for some t ∈ G the coset tW G (P ) is of exponent dividing p a . We need to show that H has non-p-soluble length bounded in terms of a and n. Clearly, we can assume without loss of generality that G = H t , and then our task is equivalent to bounding the non-p-soluble length of G.
By Lemma 2.5 every δ n -value is a w-value, that is, P w ⊇ P δn . Since P is a normal subgroup with cyclic quotient in a Sylow p-subgroupP of G = H t , straightforward induction on k also shows that P δ k ⊇P δ k+1 for all k. Let temporarilyŵ = δ n+1 . Then for the corresponding subgroup we havê
and therefore also (tŴ G (P )) p a = 1. Hence we can change notation and assume that w = δ n+1 and P is a Sylow p-subgroup of G. Using also Lemma 2.3, we can assume that G has no nontrivial normal p-soluble subgroups. We now find ourselves under the hypotheses of Proposition 2.6. By this proposition we obtain normal subgroups K 1 and K 2 such that the image of tW (P ) in G/K 1 has exponent dividing p a−1 and
In the group G/K 2 , a Sylow p-subgroup is soluble of derived length n + 1, and therefore the non-p-soluble length of G/K 2 is bounded in terms of n by Lemma 2.1. By Lemma 2.3 the group G/K 1 satisfies the hypothesis of the theorem with a smaller value of exponent. By induction on a we obtain that the non-p-soluble length of G/K 1 is bounded in terms of n and a. Note that the basis of this induction is the case a = 0, when tW (P ) K 1 whence W (P ) K 1 , so that a Sylow p-subgroup is soluble of derived length n + 1, which is covered by Lemma 2.1 as above. Since K 1 ∩ K 2 embeds in a direct product of almost simple groups and therefore has non-p-soluble length at most 1, the result follows.
Bounding p-length of finite p-soluble groups
In this section we prove Theorem 1.3. Recall that a finite group is p-soluble if it has a normal series each factor of which is either a p-group, or a p ′ -group; the minimal number of p-factors in such a series is called the p-length of the group. We use results on the connection between the p-length of a finite p-soluble group and its derived length and exponent first obtained in the seminal Hall-Higman paper [11] for odd primes and later extended to p = 2 by others [13, 2, 4] . Moreover, we also use the results in representation theory from these papers, which we state here for convenience. 
For p = 2 the original paper [11] did not give any bounds for the 2-length of 2-soluble groups with Sylow 2-subgroup of exponent 2 e . First the bound 3e − 1 was obtained by Hoare [13] , which was later improved to 2e − 1 by Gross [10] , and finally to the best-possible e by Bryukhanova [3] . However, it is the representation theory technique of Hoare [13] that we managed to use in the case of p = 2 in the proof of Theorem 1.3. 
We now prove a key proposition, from which Theorem 1.3 will follow.
Proposition 3.4. Let K be a normal subgroup of a finite p-soluble group G. Suppose that K contains a p-subgroup U that covers all chief p-factors of G contained in K that are not central in K and that for some t ∈ G the coset tU has exponent dividing p e . Then the p-length of K is at most e + 1 if p is an odd prime that is not a Fermat prime, at most 2e + 1 if p is a Fermat prime, and at most 3e + 1 if p = 2.
In the proof of Proposition 3.4, for odd p we use Theorem 3.1 and 3.2 of Hall and Higman [11] as in the proof of Theorem 3* in Wilson's paper [25] . For p = 2 we apply similar but more complicated arguments based on Theorem 3.3 of Hoare [13] .
Proof. We use induction on e, where p e is the exponent of the coset tU . The basis of induction is the case e = 0, which corresponds to U = 1 = t. Then all chief p-factors of G contained in K are central in K and therefore K has a normal pcomplement, so that its p-length is at most 1. We assume e > 0 in what follows.
Let V = L/M be a chief p-factor of G contained in K and covered by U , and let C = C G (L/M ). Then G/C acts by conjugation on V , which can be regarded as a faithful F p (G/C)-module. Since this is an irreducible module, G/C has no non-trivial normal p-subgroups.
Let h ∈ tU . If u ∈ U , then hu ∈ tU , and so h p e = (hu)
Since (U ∩ L)M = L, this means that the linear transformation of V induced by h, which we denote by the same letter, satisfies (in characteristic p)
Then either h p e−1 acts trivially on V , or the linear transformation induced by h is exceptional. It makes sense to split the argument into two cases, for p odd, and for p = 2.
Case of p odd. We define N to be the normal closure in G of the subgroup a Now suppose in addition that N 1 ∩ K M . Let h ∈ tU and u ∈ U ∩ L, and let On the other hand, if h induces an automorphism of order p e , then by Theorem 3.1 its minimal polynomial has degree at least (p−1)p e−1 . Since (p−1)p e−1 > 2p e−1 −1 for odd p, it follows that for any h ∈ tU the elements h 
We now complete the proof of Proposition 3.4 for odd p. We define N as in Lemma 3.5 and considerḠ = G/N denoting by the bar images of elements and
. ThereforeŪ covers all chief p-factors of G contained inK that are not central inK. Thus, the hypotheses of Proposition 3.4 hold for the images withtŪ of exponent dividing p e−1 by the construction of N . By induction, the p-length ofK ∼ = K/(K ∩ N ) is at most 2(e − 1) + 1 (or at most e if p is not a Fermat prime). By Lemma 3.5 the p-length of K ∩ N is at most 2 (respectively, 1), and the result follows.
Case p = 2. Recall that we assume e 1. We need one more step in the basis of induction, as some of the arguments below do not work for e = 1. Thus, suppose that e = 1. Let V = L/M be any chief 2-factor of G contained in K and covered by U . Every elementx ∈ V is the image of an element x ∈ U ∩ L. For any u ∈ U we have 1 = (tu) 2 = (tux) 2 = (tu) 2 x[x, tu]x, and since x 2 ∈ M this implies [x, tu] ∈ M . Thus, tU C G (V ). Hence the normal closure B of tU in G has the property that all chief 2-factors of G contained in B ∩ K are central in B ∩ K, whence B ∩ K has a normal 2-complement and 2-length 1. All chief 2-factors of G contained in K/(B ∩ K) are not covered by U B ∩ K and therefore are central in K by hypothesis. Therefore K/(B ∩ K) also has a normal 2-complement and 2-length 1. As a result, the 2-length of K is at most 2, as required.
From now on we assume that e 2. We define T to be the normal closure in G of the subgroup a Note that T T 1 T 2 .
Lemma 3.6. (a) The subgroup T 2 acts trivially on each chief 2-factor L/M of G contained in K and covered by U .
(b) The subgroup T 1 acts trivially on each chief 2-factor L/M of G contained in K and covered by U such that T 2 ∩ K M .
(c) The subgroup T acts trivially on each chief 2-factor L/M of G contained in K and covered by U such that
Proof. Let V = L/M . By (3.1) for any h ∈ tU and u ∈ U we have (h − 1) 2 e−1
In terms of linear transformations this implies that 0 = ((hu)
We also have (h − 1) We also have (hx) 
In terms of linear transformations this implies that
On the other hand, if h induces an automorphism of order 2 e , then by Theorem 3.1 its minimal polynomial has degree at least 3 · 2 e−2 . Hence it follows that h contained in (
has a normal 2-complement. As a result, the 2-length of
is at most 3.
We now complete the proof of Proposition 3.4 for p = 2. We define T as in Lemma 3.6. ConsiderḠ = G/T denoting also by the bar all images inḠ. Given
. ThereforeŪ covers all chief 2-factors of G contained inK that are not central inK. Thus, the hypotheses of Proposition 3.4 hold withtŪ of exponent dividing 2 e−1 by the construction of T . By induction, the 2-length ofK ∼ = K/(K ∩ T ) is at most 3(e − 1) + 1. By Lemma 3.6 the 2-length of K ∩ T is at most 3, and the result follows.
Proof of Theorem 1.3. Recall that w is a multilinear commutator word of weight n, while P w is the set of w-values on elements of a subgroup P of a group G and W G (P ) = P G w ∩ P . We have a normal p-soluble subgroup H of a finite group G, and a Sylow p-subgroup P of H such that for some t ∈ G the coset tW G (P ) is of exponent dividing p a . Our aim is bounding the p-length of H in terms of a and n only. We can obviously assume that G = H t (by Lemma 2.3(a)); in particular, then G is p-soluble, which we assume in what follows.
Proof. By the theorems of Hall and Higman [11, Theorem A] for p = 2 and of Bryukhanova [4] for p = 2, the image of P (n) in H/C H (L/M ) is nontrivial. Since w(P ) P (n) by Lemma 2.5, it follows that the image of w(P ) in H/M does not centralize L/M . Since L/M is a normal subgroup of the image of P in G/M , by Lemma 2.4 there is a value v of the word w on elements of P such that the image of v is nontrivial in L/M . Since L/M is a chief factor of G, there are conjugates v gi for some g i ∈ G whose images generate L/M . There are also elements
, and since v gili M = v gi M , the result follows.
We now finish the proof of Theorem 1.3. Let D be the set of all chief p-factors V of G such that H/C H (V ) has p-length at most n. We define the subgroup
Then H/D also has p-length at most n. It remains to prove that the p-length of D is bounded. This follows from Proposition 3.4 applied with K = D and U = W G (P ) ∩ D. The required properties hold by Lemma 3.7 and because every chief p-factor of G contained in D that belongs to D is central in D by construction.
Proof of Corollary 1.4. We have a p-soluble group G whose Sylow p-subgroup P is such that (γ c+1 (P )) p a = 1; our aim is a bound for the p-length of G in terms of c and a. If we set w = [x 1 , x 2 , . . . , x c+1 ], then w(P ) = γ c+1 (P ). The subgroup W G (P ) P is generated by conjugates of w-values on elements of P . By hypothesis these conjugates are of orders dividing p a . Since P/γ c+1 (P ) is nilpotent of class c, the group W G (P )/γ c+1 (P ) has exponent dividing p ac . Therefore the group W G (P ) has exponent dividing p ac+a . The result now follows from Theorem 1.3 applied with H = G and t = 1.
Length results for profinite groups
In this section we derive Theorems 1.5 and 1.6 from their finite analogues proved in § § 2 and 3. This is done by standard arguments; we find it convenient to refer to some lemmas in Wilson's paper [25] .
Lemma 4.1 ([25, Lemma 2])
. Let X 1 , . . . , X m be classes of finite groups closed with respect to normal subgroups and subdirect products, and let X be the class of groups X having a series 1 = X 0 X 1 · · · X m = X with X i /X i−1 ∈ X i for each i. Then every pro-X group G has a series
of closed characteristic subgroups such that G i /G i−1 is a pro-X i group for each i.
Lemma 4.2 ([25, Lemma 3]).
Let Y be a class of groups consisting of non-abelian finite simple groups, and let X be the class of finite direct products of Y-groups.
Then a profinite group G is a pro-X group if and only if it is isomorphic (as a topological group) to a Cartesian product of Y-groups.
Recall that w is a multilinear commutator word of weight n, and W G (P ) is the closed subgroup generated by all elements of P that are conjugate in G to w-values on elements of P . We often write W (P ) in place of W G (P ). The next lemma is similar to [25, Lemma 1] Lemma 4.3. Let G be a profinite group and suppose that for some prime p the subgroup W (P ) of a p-Sylow subgroup P of G is a periodic group. Then there is an open normal subgroup H of G and an element t ∈ W (P ) such that the coset t(H ∩ W (P )) has finite exponent.
Proof. Write S e = {g ∈ W (P ) | g e = 1} for each integer e 1. Each set S e is closed in the subgroup topology and W (P ) = ∞ e=1 S e . It follows from Baire's category theorem (see for example [15, p. 200] ) that some set S e has non-empty interior and therefore contains a coset tS for some open subgroup S of W (P ). Since S is open, there is an open subgroup H of G such that H ∩ W (P ) S; and clearly H can be chosen to be normal in G. The result follows.
Proof of Theorem 1.5. We have a profinite group G such that W (P ) is locally finite for a p-Sylow subgroup P of G for some p ∈ π(G). We need to show that G has a finite characteristic series in which each factor either is pro-p-soluble or is isomorphic to a Cartesian product of non-abelian finite simple groups of order divisible by p. By Lemma 4.3 there is an open normal subgroup H of G and an element t ∈ W (P ) such that the coset t(H ∩ W (P )) has finite exponent, which is of course a p-power, say, p a . Consider any finite continuous homomorphic imageḠ of G denoting by bars the images of elements or subgroups. Then P ∩ H is a Sylow p-subgroup of H andtWḠ(P ∩ H) ⊆ tW G (P ) by Lemma 2.3, so that also (tWḠ(P ∩ H)) p a = 1. ThereforeḠ satisfies the hypotheses of Theorem 1.2, by which the non-p-soluble length ofH is bounded in terms of n (weight of w) and a. HenceḠ has a series of length m bounded in terms of a, n, and |G/H| such that H i /H i−1 is p-soluble for i odd and is a direct product of non-abelian finite simple groups of order divisible by p for i even. By Lemma 4.1 we obtain that G has a series of closed characteristic subgroups 1 = G 0 G 1 · · · G m = G of the same finite length m such that G i /G i−1 is pro-p-soluble for i odd and is a projective limit of direct products of non-abelian finite simple groups of order divisible by p for i even. The factors of the second type are isomorphic to Cartesian products of non-abelian finite simple groups of order divisible by p by Lemma 4.2.
Proof of Theorem 1.6. We have a pro-p-soluble group G such that W (P ) is locally finite for a p-Sylow subgroup P of G. We need to show that G has a finite series of closed characteristic subgroups with factors either pro-p groups or pro-p ′ groups. By Lemma 4.3 there is an open normal subgroup H of G and an element t ∈ W (P ) such that the coset t(H ∩ W (P )) has finite p-power exponent p a , say. Just as above in the proof of Theorem 1.5, in any finite continuous homomorphic imageḠ of G, the subgroup P ∩ H is a Sylow p-subgroup ofH andtWḠ(P ∩ H) ⊆ tW G (P ) by Lemma 2.3, so that also (tWḠ(P ∩ H)) p a = 1. ThereforeḠ satisfies the hypotheses of Theorem 1.3, by whichH has p-length bounded in terms of n and a. HenceḠ has a series 1 = H 0 H 1 · · · H m =Ḡ of length m bounded in terms of a, n, and |G/H| such that H i /H i−1 is a p ′ -group for i odd, and a p-group for i even. By Lemma 4.1 we obtain that G has a series of closed characteristic subgroups
of the same finite length m such that G i /G i−1 is pro-p ′ group for i odd, and a pro-p group for i even.
Proof of Corollary 1.7. We have a prosoluble group G such that π(G) is finite and W (P ) is locally finite for any p-Sylow subgroup P of G, for any p ∈ π(G). We need to show that ph(G) is finite, that is, G has a finite characteristic series with pronilpotent factors. Fix a prime p ∈ π(G). By Theorem 1.6 the group G has a finite series of closed characteristic subgroups in which each factor is either a pro-p group, or a pro-p ′ group. Each pro-p ′ factor in this series has a smaller set of prime divisors, so the result follows by an easy induction on the cardinality of π(G), since the hypotheses are inherited by subgroups and homomorphic images by Lemma 2.3.
Main results
In what follows we use without special references Zelmanov's theorem [27] on local finiteness of periodic profinite groups. In particular, when proving local finiteness of a subgroup, we can freely factor out any periodic closed normal subgroup.
Recall that w is a multilinear commutator word of weight n, the set of w-values on a subgroup P G is denoted by P w , the corresponding closed verbal subgroup is w(P ), and W G (P ) (often denoted by W (P )) is the closed subgroup generated by all elements of P that are conjugate in G to elements of P w . For brevity we denote by X the class of all profinite groups G in which all w-values have finite order and w(P ) is periodic for any p-Sylow subgroup of G (for any prime p ∈ π(G)). We denote by Y the class of all profinite groups G in which all w-values have finite order and W (P ) is periodic for any p-Sylow subgroup of G (for any prime p ∈ π(G)). Clearly, Y ⊆ X . Both classes X and Y are closed with respect to subgroups and homomorphic images, which is obvious for X , and follows from Lemma 2.3 for Y . This is the main reason why we found it easier to work with these classes rather than the smaller class of groups satisfying the hypotheses of the main Theorem 1.1.
The (virtually) soluble case of Theorem 1.1 is covered by the following theorem in [7] , which is also used throughout what follows. We approach the proof of the main result in a series of lemmas.
Lemma 5.2. Let G ∈ X be a group having a closed normal abelian subgroup M such that G/M is locally finite. Then G possesses a series of closed normal subgroups 1 T C G such that T has finite exponent, [M, C] T , and G/C is virtually soluble.
Proof. First consider the case where w = δ k . Choose arbitrarily g 1 , . . . , g 2 k ∈ G. The subgroup M g 1 , . . . , g 2 k is virtually abelian and so, by Theorem 5.1, the verbal subgroup w (M g 1 , . . . , g 2 k ) is locally finite and has finite exponent. Denote by e(g 1 , . . . , g 2 k ) the exponent of M ∩ w (M g 1 , . . . , g 2 k ). For each positive integer i we set
. . , g 2 k ) = i}. The sets S i are closed in G × · · · × G and they cover the whole group G × · · · × G. By Baire's category theorem there exists i such that S i contains an open subset of G × · · · × G. Therefore there exist elements a 1 , . . . , a 2 k ∈ G, an open subgroup H G, and a positive integer i such that e (a 1 h 1 , . . . , a 2 k h 2 k ) = i for any h 1 , . . . , h 2 k ∈ H. Let T be the subgroup generated by all elements of M which have finite order dividing i. Obviously T is a closed normal subgroup of G. Let C be the full preimage of C G/T (M/T ), which is also a closed normal subgroup of G. Since M is abelian, it follows that T has finite exponent dividing i. Consider the quotient G/T . Thus, we assume that i = 1. In particular, we deduce that [M, w (a 1 h 1 , . . . , a 2 k h 2 k )] = 1 for any h 1 , . . . , h 2 k ∈ H. In other words, w (a 1 h 1 , . . . , a 2 k h 2 k ) ∈ C for any h 1 , . . . , h 2 k ∈ H. Consider the quotient G/C. In the quotient we have w (a 1 h 1 , . . . , a 2 k h 2 k ) = 1 for any h 1 , . . . , h 2 k ∈ H. By [1, Lemma 2.2] the image of H in G/C is soluble. The proof is complete in the special case of w = δ k . The general case follows, since every δ n -value is a w-value by Lemma 2.5, so that our group in the class X corresponding to w is also contained in the same kind of class corresponding to δ n . Lemma 5.3. Let G ∈ X be a group having a closed normal abelian subgroup M such that G/M is either a locally finite pro-p group or a Cartesian product of isomorphic finite simple groups. Then w(G) is locally finite.
Proof. In the case where w has weight 1 the lemma is obvious, so we assume that w is of weight at least 2. Let T and C be as in Lemma 5.2. Passing to the quotient G/T we can assume that T = 1.
Suppose first that G/M is a locally finite pro-p group. Then C is pronilpotent and w(C) = w(P ), where P is the p-Sylow subgroup of C. Hence, by the hypothesis, w(C) is locally finite and therefore we can pass to the quotient G/w(C). Thus, without loss of generality we assume that w(C) = 1. It follows that C is soluble. Taking into account that G/C is virtually soluble, we deduce that so is G. Now the lemma is immediate from Theorem 5.1.
We now assume that G/M is isomorphic to a Cartesian product of isomorphic finite simple groups. Then C/Z(C) has finite exponent and a result of Mann [17] tells us that the derived group of C has finite exponent (and so is locally finite). The quotient G/C ′ is virtually soluble, and so the result again follows from Theorem 5.1.
The result of Mann [17] we just mentioned can be viewed as a generalization of Schur's theorem on groups with finite quotient by the centre. It is an open problem whether the derived subgroup of a profinite group must be locally finite if the quotient of the group by the centre is locally finite. But such a result is true in our special situation.
Lemma 5.4. Let G ∈ X be a group such that G/Z(G) is locally finite. Then G ′ is locally finite.
Proof. In view of the result of Wilson [25, Theorem 1] , the group G has a finite series of closed normal subgroups
each of whose factors G i+1 /G i is either a Cartesian product of isomorphic finite simple groups or a locally finite pro-p group. We use induction on s, with obvious basis when s = 0. By induction the derived group G ′ s−1 is locally finite. We can pass to the quotient G/G ′ s−1 and assume that G s−1 is abelian. Now Lemma 5.3 shows that w(G) is locally finite. We pass to the quotient G/w(G) and assume that G is soluble. Since soluble locally finite profinite groups have finite exponent, we deduce that G/Z(G) has finite exponent. In view of Mann's result [17] the lemma follows.
Lemma 5.5. Let G ∈ X be a group having a closed normal abelian subgroup M such that G/M is locally finite. Then w(G) is locally finite.
Proof. Let T and C be as in Lemma 5.2. Without loss of generality we can assume that T = 1. By Lemma 5.4 the derived group of C is locally finite. Passing to the quotient G/C ′ we can assume that C is abelian. Thus, G is virtually soluble and so the result follows from Theorem 5.1.
Lemma 5.6. Let G ∈ X be a group having a closed normal soluble subgroup M such that G/M is locally finite. Then w(G) is locally finite.
Proof. We use induction on the derived length of M . By Lemma 5.5 the lemma holds if M is abelian. So we assume that M is non-abelian and let N be the last nontrivial term of the derived series of M . By induction the image of w(G) in G/N is locally finite. Again we use Lemma 5.5 and conclude that w(w(G)) is locally finite. We can now pass to the quotient G/w(w(G)) and assume that w(w(G)) = 1. In this case G is soluble and the result follows from Theorem 5.1.
Recall that for a prosoluble group G we denote by ph(G) the length of a shortest series of (closed) characteristic subgroups all of whose factors are pronilpotent, and if G has no finite series of this kind, then we write ph(G) = ∞.
Lemma 5.7. Let G ∈ X be a prosoluble group such that ph(G) is finite. Then w(G) is locally finite.
Proof. Suppose first that G is pronilpotent. Then G = P i is the Cartesian product of its p-Sylow subgroups and w(G) is the Cartesian product of the subgroups w(P i ). Since each w-value in G has finite order, it follows that w(P i ) = 1 for all but finitely many Sylow subgroups P i . Therefore w(G) is the Cartesian product of finitely many locally finite subgroups w(P i ). It follows that w(G) is locally finite.
Hence we can assume that ph(G) 2 and use induction on ph(G). Let
be a series of closed normal subgroups of length h = ph(G) with pronilpotent factors. By induction the image of w(G) in G/G 1 is locally finite. Moreover, since G 1 is pronilpotent, w(G 1 ) is locally finite. We pass to the quotient G/w(G 1 ) and assume that w(G 1 ) = 1. It follows that G 1 is soluble and w(G) is soluble-by-(locally finite). Lemma 5.6 now tells us that w(w(G)) is locally finite. We pass to the quotient G/w(w(G)) and assume that w(w(G)) = 1. In this case G is soluble and the result follows from Theorem 5.1.
Lemma 5.8. Let G be a prosoluble group such that w(G) = 1. Then there exist a finite set of primes π and a pro-π subgroup H G such that w(H) = 1. Given two words u = u(x 1 , . . . , x m ) and v = v(x 1 , . . . , x n ), we denote by u • v the word u(v(x 11 , . . . , x 1n ), . . . , v(x m1 , . . . , x mn )). It is clear that if u and v are multilinear commutators, then so is u • v. Recall that Y is the class of all profinite groups G in which all w-values have finite order and W (P ) is periodic for any p-Sylow subgroup of G (for any prime p ∈ π(G)).
Lemma 5.9. Let G ∈ Y be a non-soluble prosoluble group. Then G contains a finite subgroup A such that w(A) = 1.
Proof. Set v = w • w. Then v is a multilinear commutator word with the properties that every v-value in G has finite order and v(P ) is locally finite for every p-Sylow subgroup P G. According to Lemma 5.8 there exist a finite set of primes π and a pro-π subgroup H in G such that v(H) = 1. By Theorem 1.7, then ph(H) is finite, since G ∈ Y . Now Lemma 5.7 tells us that w(H) is locally finite. It is clear that v(H) w(w(H)) and therefore w(w(H)) = 1. Thus, we can choose a finite subgroup A w(H) such that w(A) = 1.
Let G be a finite group, on which a finite group A of coprime order acts by automorphisms. It is well-known that if N is a normal A-invariant subgroup of G, then C G/N (A) = C G (A)N/N (see for example [9, Theorem 6.2.2] ). (Henceforth we use the centralizer notation for fixed-point subgroups.) A profinite version of this result can be stated as follows.
Lemma 5.10. Let G be a profinite group on which a finite group A acts by continuous automorphisms. Suppose that
A proof of this fact can be found in [19] (see also Lemma 2 in [12] for the case where |A| is a prime).
In his seminal work [23] Thompson proved that if G is a finite soluble group on which a finite soluble group A of coprime order acts by automorphisms, then the Fitting height h(G) is bounded in terms of h(C G (A)) and the number of prime divisors of |A| counting multiplicities. Further results in this direction were devoted to improving the corresponding bounds, with best possible one obtained by Turull, see his survey [24] . We need a profinite version of Thompson's theorem for the profinite analogue, which can be deduced by standard arguments in the spirit of Lemma 4.1. The fact that the hypotheses are inherited by quotients by closed normal subgroups follows from Lemma 5.10. Therefore we omit the proof.
Proposition 5.11. Let G be a prosoluble group on which a finite soluble group A acts by continuous automorphisms and suppose that π(G)∩π(A) = ∅. If ph(C G (A)) is finite, then ph(G) is also finite.
The following proposition plays a key role in the proof of the main theorem.
Proposition 5.12. Let G ∈ Y be a prosoluble group. Then ph(G) is finite.
Proof. Suppose that ph(G) is infinite; then we will arrive at a contradiction. For that we inductively construct an increasing chain of normal closed subgroups 1 = R 1 R 2 · · · , a decreasing chain of normal open subgroups G = H 1 H 2 · · · , and subgroups A i R i , i = 1, 2, . . . , such that (1) there exist mutually disjoint sets of primes π i with the property that A i /R i is a finite π i -group and
Since ph(G) is infinite, Lemma 5.9 implies that G contains a finite subgroup A 1 such that w(A 1 ) = 1. Let π 1 = π(A 1 ) and set R 1 = 1. Next, choose a normal open subgroup H 2 in G such that A 1 ∩ H 2 = 1. This completes the first step of our construction; clearly, then properties 1-4 hold for i = 1.
We perform the second step for clarity, before the formal inductive construction. Since the set π 1 is finite, it follows from Theorem 1.6 that H 2 has a finite series
of closed characteristic subgroups N i in which each quotient N i /N i+1 is either a pro-π 1 or a pro-π ′ 1 group. By Corollary 1.7, ph(N i /N i+1 ) is finite whenever the quotient N i /N i+1 is a pro-π 1 group. Since ph(G) = ∞, we have ph(H 2 ) = ∞. Therefore there exists a pro-π ′ 1 quotient N k /N k+1 such that ph(N k /N k+1 ) = ∞. Set R 2 = N k+1 . We now pass to the quotient G/R 2 .
The finite π 1 -group A 1 acts by conjugation on the pro-π ′ 1 group N k /R 2 . By Proposition 5.11, ph(C N k /R2 (A 1 )) = ∞. Thus, by Lemma 5.9 there exists a subgroup A 2 containing R 2 such that A 2 /R 2 is a finite subgroup of C N k /R2 (A 1 ) with the property that w(A 2 /R 2 ) = 1. Set π 2 = π(A 2 /R 2 ). We note that π 1 ∩π 2 = ∅ and [A 1 , A 2 ] R 2 . Since A 2 /R 2 is finite, there is an open normal subgroup J of G such that R 2 J and A 2 ∩ J = R 2 . We set H 3 = J ∩ H 2 ; then A 2 ∩ H 3 = R 2 ∩ H 2 = R 2 , so property 4 holds for i = 2. Properties 1-3 also hold for i = 2 by construction.
We now make the induction step. Suppose subgroups A 1 , . . . , A n−1 , R 1 · · · R n−1 and H 1 · · · H n−1 with properties 1-4 have been found. For brevity we indicate with a bar the images of elements or subgroups in G/R n−1 . Since R 1 R 2 · · · , by properties 1 and 2, A 1 , . . . , A n−1 are pairwise commuting finite subgroups of mutually coprime orders. In particular, A = A 1 · · · A n−1 is a finite π-group, where π ⊆ n−1 i=1 π i . Let J be a normal open subgroup of G containing R n−1 such that J ∩ A = 1. Let H n = H n−1 ∩ J. Since the set π is finite, it follows from Theorem 1.6 that the subgroup H n has a finite series of closed characteristic subgroups {N i } in which each factor N i /N i+1 is either a pro-π or a pro-π ′ group. By Corollary 1.7, ph(N i /N i+1 ) is finite for each pro-π factor quotient N i /N i+1 . Taking into account that ph(G) = ∞, we observe that also ph(H n ) = ∞. Therefore there exists a pro-π ′ factor T = N k /N k+1 for some index k such that ph(T ) = ∞. Let S and R be the full pre-images of N k and N k+1 , so that S/R is isomorphic to T . The finite π-group A acts by conjugation on the pro-π ′ group S/R. By Proposition 5.11, ph(C T (A)) = ∞. We therefore can use Lemma 5.9 to find a subgroup A n containing R n := R such that A n /R n C S/R (A) and A n /R n is a finite π ′ -group such that w(A n /R n ) = 1. It is easy to see that then properties 1-4 are satisfied for i = n. This completes the induction step. Thus, we have constructed an increasing chain of normal closed subgroups 1 = R 1 R 2 · · · , a decreasing chain of normal open subgroups G = H 1 H 2 · · · H, and subgroups A i R i , i = 1, 2, . . . , with the required properties.
We now set H = ∞ n=1 H i ; note that H contains ∞ n=1 R n , since H i+1 R i for every i by property 4. Since H is closed, we can consider the quotient G/H, where we use bars to denote images of subgroups. We see that A i ∩ H = R i for every i, since A i ∩ H i+1 = R i and H i+1 H R i . Hence A i = A i /R i for all i. By properties 1-4 it follows that the subgroups A i pairwise commute, have pairwise coprime orders, and w(A i ) = 1 for every i.
Therefore the abstract group generated by the subgroups A i , i = 1, 2 . . . , is isomorphic to the direct product of the A i . The closure of this direct product in the profinite topology is isomorphic to the Cartesian product of finite groups A i of mutually coprime orders such that w(A i ) = 1 for all i. Obviously this group contains a w-value of infinite order. This yields a contradiction since all w-values in G have finite order. The proof is now complete.
We can now finish the proof of Theorem 1.1.
Proof of Theorem 1.1. We have a profinite group G in which all pronilpotent subgroups generated by w-values are periodic; we need to show that w(G) is locally finite. Obviously, G ∈ Y . Recall that finite groups of odd order are soluble by the Feit-Thompson theorem [8] . Combining this with Theorem 1.5 (applied with p = 2) we deduce that G has a finite series of closed characteristic subgroups (5.1)
in which each factor either is prosoluble or is isomorphic to a Cartesian product of non-abelian finite simple groups. There cannot be infinitely many non-isomorphic non-abelian finite simple groups in a factor of the second kind, since this would give a w-value of infinite order. Indeed, by a result of Jones [14] any infinite family of finite simple groups generates the variety of all groups; therefore the orders of w-values cannot be bounded on such an infinite family. Thus, we can assume in addition that each non-prosoluble factor in (5.1) is isomorphic to a Cartesian product of isomorphic non-abelian finite simple groups. We use induction on s.
